52. Composition algebras

Blternativity of a degree 2 algebraz has definite conse-
quences for the norm form and invelution,. Conversely, the

mere existence of a suitable norm form Juarantees alternativity,
The muét important dagree 2 2lgebras are the composition al-
gebras, whoss nondegenerate norm forms permit composition.

They may ke characterizsd in terms of having (i) degree 2 B
{(ii) a scalar involution, oxr (iii) a norm form Permitting
composition; here nondegeneracy of the norm form is egquivalent

te semisimplicity of the algehra,

Let us recall some Lerminology concerning guadratic and
symmetrig bilinear forms. If Q is a quadratic form, a vector
X # 0 is Vatreprie if pix) = 0; a space is |setwepic if it
contains an isotropic wvector ang awuin+ruplﬁ if it doesn't

(Qlx) = 0 = = = 2}, and is '-l-n-tnh‘s iEatrapic if all ite vectors

isotropic (Q(x) = 0 for all ¥} . The vadiecal of the gquadratic
form is

(Z2.1a) Rad 0 = {z|g(2) = Q(z,%) = 0 for all x}.
The radical is always a linear subspaca, since Qfaz + Bw,x) = ©
if Qt=z,%) = Q(w,x) = 0, and Q{z + Pw) = azg[z} + GEQ(z,w)

HEQ(W} = 0 1if Q(=z) = D(w) = Q{z,*) = 0. 1If this radical is
zero the guadratic form is hondegendra®™e (Rad Q0 = 0), octherwise

it is deﬂ'ih:rn.-#c_{Rad o #F 0).
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The radieal of a symmetric bilinear form E(x,v) is the subspace

(2.1b) Rad B = ¥ = {a|B(2,%) = 0 for all x}.
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The form is*SIlﬂﬂulﬂ.F if it has nenzero radi¢cal (Rad 3 £ 0),

r@nnlmjuh.r* if its radical is zerag (rad B = 0: B(z,¥) = 0

=>2 = 0), and “etally Singqulaw if its radical is the whole
space X (Rad B = ¥: B(x,¥) = 0 for all X,¥) .

We have carefully reserved the words "isotrapic" and
"degeneracy" for guadratic forms, and "eingularity" for
bilinear forms. (This iz not standard; one often speaks
of ﬁahﬂistmlwakz instead of nonsingular bilinsar forms,
nenise+ropi\e  instead of honsingular subspaces Y€ X with Rad ¥
=.EFITL = 0, and Iinirilﬁ instead of singular subspaces Y
with Rad ¥ = E'I"IY'L?’ 0} .

Comparing definitions (2.la) and (2.1b) shows the radical
of a guadratic farm is always contained in the radical of the
correspcnding polarized bilinear form,

Rad Q0 = Rad Q{*,*)plz|g(2) = clgrad Q(=, +},
Put ancther wavy,

g{*,*) nonsingular % 0 nendegenerate.
Of course, the distinction disappears in characteristic # 2:
if z@® Rad Q{+,+*) then 22{g) = Q(=z,2) = 0 implies= oliz] = 0
and hance z& Rad ¢,

Rad Q = Rad Q(-,") {characteristic # 2)
(2.2}

Q nandegenerate<=>Q(, +} nonsingular.

WARNIWNG: In characterisgtic 2 these concepts are not eguivalent.
Do not confuse nandedgenaracy with nensingularity, or the radical

of the guadratic form with tha radical of its polarized bkilinear



form. Nondegeneracy does not imply nonsingularity, that
Ead Q(*,*) = 0, but only that all nonzero elements

2€ Rad Q(*,*) have nonzere nowm lz) # 0. B

Degeneracy of the norm forn corresponds to a certain de-
generacy of the algebra. The next Propositicn gives us a
glimpse of the interrslation of the various radicals

considered in Chapter IV.

253 ({Radical Proposition) If & is an alternative algebra of
degree 2 then Rad a = Hil{a) = 3({A) = p(a) = Triv (&)
= Rad n is an ideal whick congists entirely af elements

z whieh are strictly trivial and generate trivial ideals

& = Az = =25,
Proof. Rad n is & left ideal =iznce nixz) = nixinlz) = 0
by (1.16) and ni{xz,yl = n(z,x*y) = 0 By (1.15), sc that

xz &Rad n when z & Rad n, Similarly it is = right ideal. TIts



elements are trivial by the U=formula (1.19), Uzy = n(z,y*)z

= n(z)y* = 0, We have Az = zA since by (1.6) t(2)1l = n{z,1)1
= 0 implies 2* = -z, then 0 = n(z,x)1 = gyx* + xz* = zx¥% - xz
implies

HFE = zu#

Z = Az = zA is (for example) a left ideal since x({zy) =

= x{z*y) = z(x*y) - n{x,zly = z(x*y) € 2; it is trivial since

32 = (zA) (az) = HERE (middle Moufang) = 0 by triviality of =.
In general we know Rad (&) = Nil{(A) D S(a)Y D P(a) and

S5(A&) D Triv(A) by IV . 0.0, and since & is algebraic (of degree

2) we know Rad(A) Nil(A) by IV.0.0. By the above we know
E({A) = Rad n (since Z trivial implies Z € P(A)) and Triv({A) DRad n,

SO equality will be established if we show Hil(A)¢s Rad n.

If B i5 a nil ideal in & we must have n(R) = 0 since if
b = 0 then n(b)® = n(b™) = g (by 1.16) forces n(b) = 0. Then
b ) s
" = t(blb implies b" = t(b)" lb for all n by induction; if b

= [J then t{b]n-l = 0, again forcing t(b) = 0. Hence nib,a)
= t(ba*) (by (1.11) € t(B) = 0. This shows n(B) = n(B,A) = 0,

and 211 nil ideals B are contained in Rad n. Thus Nil{a)& Rad n. ]

2.4 Corecllarvy. The folloewing are equivalent for an alternative
algebra of degree 2:

(i} & is semisimple
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(ii) A is semiprime
(iii) A is strongly semiprime
(iv) A has no nil ideals

(v) the norm form is nondegenerate. [

If A is a unital alternative algebra of degres 2 then i
has scalar involution xx* = n(x)l and ni{x} pormils composition.
Conversely, Lhe presence of a well-behaved norm form permitting
composition implies the algebra is alternative of degree 2.
To see Lhat just having any old norm form permitting composi-
tion is not enough, consider the following example: taks any
harrible algebra A and tack on a unit, & = ¥1 @ AO; Lhen ths

2

norm form nix) = o

EB?

(x = @1 + a) permits composition, n(xyl
= U = n(xjn(y), but tells us nothing about A (since there's
nething to t=11).

Thus it is reasonable to require the quadratic form n to

he nondegenerate, i.c. there is no element z # 0 with
niz) = n(z,8) =0 .

(We allew ni(z,h) = 0 as long as n(z) ¥ 0, so the bilinecar form

nf{+*,*) can be singular)

2.5 (Composition Criterion) If a unital algebra A carries a

nondegenerate guadratic form n vermitting compositicn,

n{zy) = nlxinly) ,

then A is alternative of degrse 2 over ¢ with norm n.
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Proof. We begin by noticing that

n(l) =1,
Indeed, n(l) = n({l+l) = n{l)n(l) shows n(l) = 1 or 0 in the
field ¢, and if n(l) = 0 then all ni{x) = nil=x) = n(l)nix) = 0,

contrary to nondegeneracy of the gquadratic form n.
Linearization y + y,z in the composition formula n{xy)

= n(xlnly) vields
nixy,xz)= nlx)nlv,z) ,
then linearization x = x,1 vields
n{xy.z) + n(y,xz) = nix,1in{y,z)

If we define t(x) = n(x,l) and define x* = t({x)]l - % then we

can rewrite the above ralation as

nixy.z) = nily,x%=z) .
From this we see n(x*(xy),®) = n(xy,xz) = n(xin(y,z) (by the
above] = ni{n{xly,2) and alsoc nix*(xv)) = n{x*In(x)n(y) =
n{XlgnEy] = n{n{x)y) (noting n(x*) = n(t({x)l-x) = t[x}zn[lj
= t{x)n(l;%) + nix) = tfx}z - t{x)E(x]) + n{x) = n{x)}. HNHow
anytime n(a) = n(b) and nla,z) = n(b,z) for all 2z we have
n(a~b,z) = 0 for all z and n{a-b) = n{a) - afa,b) + n(b) =

nfa}) - n(a,a) + n(a) = 0, therefore by nondegeracy a-b = U.
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In our case this gays

x*(xy) = nix)y

setting vy = 1 establishes the degree 2 nature of A

2

x*x = n(x)1l or x* - t{x)x + ni{x)1 =0 _
Remember n({l) = 1, =o t{l) = n(l,1) = 2:
N =0ky (1) = 3
Now x*(xy) = B{x)ly = {n({x)1l}y = (x*x)y, or [x*.xuv] = 0:
Thus 0 = [£(x)l - Xy¥,¥] = - [x,%,.y] and A is left alternative.

Similarly A is right alternative, B®

In view of this we will call = unital algebra over a field
which carries a nondegensrate quadratic form permitting compo-
sition a Goempesitien g,.ld‘.hm; these are necessarily alternative
of degree 2, with scalar involution.

Summarizing our results,

2.6 [(Egquivalence Thecrem for Composition Algekrasz) The Fol-

lowing are equivalent for a unital algebra A over a field &

(1) A is a composition algebra: it carries a non-
degenerate quadratic form n which permils
composition, n(xy) = n(x)n(y)

{ii) A is an alternative algebra of degree 2z,



(iii)

(iv}

xz - t(x)x + n(x)l = 0 where t is linear and

I nondegenerate guadratic

A is a strongly semiprime (resp. semiprime,

resp. semisimple)alternarive algyebrz of degree 2
over ¢

A is a strongly seminrime (resp, seniprime,

resp. semisimple) alternative algebra with scalar

involution, xx* & &1, )
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VII.2 Exercises

Find an ewpression for ntny} in a composition algebra.
What can you say about n(xey)? Prove t(x*) = t(x),

ni{x*) = n(x), E{xy*) = t(yx*), t{x,y) = t({xy) is a
symmetric associative bilinear form.

Suppose Beg A where A is alternative with acalar in-
volution over a field @, and all elements 1-h for L & B
are invertible (all b are quasi-invertible). Show directly
B is a nil ideal, hence B & Rad n.

If t{e) = 1, n{e) = ﬁ show & is an idempotent # 05 Lg

If 2 is of degree 2 over a field @, show any idempotent

e # 0, 1 has t(e) = 1, ni{z) = 0.

If xl{xz{“'xn}} = 1 in a composition algebra, show each
Xy is invertible. More generally, =ach one-sided inverse
is two-sided.

In any compesition algebra, establish the formulas

n(xy,.zw) + n(xw,zv) = nix,2)n(y,w)
x(¥yz) + v(xz) = tlx,vlz = (zv)x + {z§l§
(xy)z — (¥2)x = t(x,y)z - t(x,z)¥ = zlyx) - x(ZV)

Define the radical of a quadratic form over an arbitrary
ring of scalars ¥. If n is nondegenserate show that an(x)
= 0 for zall x implies ¢ = 0. Conclude that if nixin{l)

= n(x) for all x then n(l) = 1.



2.7

Show directly that if z is trivial in a deqgree 2 algebra

over a ring 9 witheut nilpotent elements, then z nelengs

te Rad n.

Show that if A is an alternative algebra with scalar
involution over an arbitrary ¢ then Rad n is 2 nil ideal
which consists entirely of elements z which generate tril-
vial ideals Z = Az = zaA. TIf & contains no nilpotent
elements show Rad n is the maximal nil ideal Nil (7).

Show that if a unital algebra A over ap arbitrary ring

of scalars ¢ carries a nondegenarate quadratic form n
permitting composition, n(xy) = n{x)inl{y) and n(l) = 1,

then A is alternative of degree 2 over % with norm n.
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VII. 2.1 Problem Set on Quasi-Composition Algebras

An algebra A carrying a nondegenerate guadratic form

satisfyving n(xy) = nizxin(y) is called a %ai-campnsi-ﬁm

a@ehrm; if A is unital it is an ordinary composition algebra.

Throughout let A be quasi~compesition over a field o.

1. Show that there is some U € A with n(u) = 1; in this case
show Lu; Ru arc injective. If A is finite-dimensional or

a division algebra show Lu, RLl ars bijesctive.

Z. Assume Lu' Ru are bijective (not necessarily that A is

finite dimensional)., Defips an isotope E by x-y

= {Rulx]{h;lyj. Shaw R is unital, that n s&ill rermits

. B Ty - f Fiy
conpositlon on A, and is still nondeqgencrate, Conclude A
is an alternative composition algebra.

3. Show how to recover A frem the algebra E. Is A necessarily

unital or alternative?






